Abstract. An efficient finite difference model of blood flow through the coronary vessels is developed and applied to a geometric model of the largest six generations of the coronary arterial network. By constraining the form of the velocity profile across the vessel radius, the three-dimensional Navier-Stokes equations are reduced to one-dimensional equations governing conservation of mass and momentum. These equations are coupled to a pressure-radius relationship characterizing the elasticity of the vessel wall to describe the transient blood flow through a vessel segment. The two step Lax-Wendroff finite difference method is used to numerically solve these equations. The flow through bifurcations, where three vessel segments join, is governed by the equations of conservation of mass and momentum. The solution to these simultaneous equations is calculated using the multidimensional Newton-Raphson method. Simulations of blood flow through a geometric model of the coronary network are presented demonstrating physiologically realistic flow rates, washout curves, and pressure distributions. 1. Introduction. The function of the coronary network is to supply blood continuously to meet the working requirements of cardiac tissue; this is critical to the overall function of the heart. For this reason, there have been many experimental and modeling studies aimed at increasing the understanding of many of the factors influencing coronary blood flow. The mathematical studies of the coronary network have almost exclusively used distributed or lumped parameter models [16, 21] . From these types of models it is difficult to draw conclusions about the influence of specific anatomical or physiological features of the system. Furthermore, the development of lumped parameter models is limited by the difficulties in assigning values to the large number of parameters in a complex model which have, at best, limited physiological or anatomical significance.
Introduction.
The function of the coronary network is to supply blood continuously to meet the working requirements of cardiac tissue; this is critical to the overall function of the heart. For this reason, there have been many experimental and modeling studies aimed at increasing the understanding of many of the factors influencing coronary blood flow. The mathematical studies of the coronary network have almost exclusively used distributed or lumped parameter models [16, 21] . From these types of models it is difficult to draw conclusions about the influence of specific anatomical or physiological features of the system. Furthermore, the development of lumped parameter models is limited by the difficulties in assigning values to the large number of parameters in a complex model which have, at best, limited physiological or anatomical significance.
By integrating axial velocity, the three-dimensional Navier-Stokes equations governing blood flow can be reduced to one dimension. One-dimensional models of vascular blood flow have previously been developed to model flow through relatively simple network geometries [26, 36, 25] . By deriving a similar set of equations, but for transient flow, combined with a computational method which can exploit recent advances in high performance parallel computing, it is now possible to model blood flow through a complex geometric model. The anatomically accurate model of coupled ventricular and coronary geometry of Smith, Pullman, and Hunter [34] provides such a geometric representation of the large vessels in the coronary network. Using this geometry as the foundation for the discrete blood flow model developed in this study the scope of a lumped parameter model can be limited to the small vessel microcirculation net-works which are distributed at fine resolution throughout the myocardium. Regional variation at a spatial scale above this resolution is dominated by the geometry of the discrete model.
The aim of the approach presented here is to provide a modeling foundation combining transient coronary blood flow and vascular geometry which can be used to investigate the regional and temporal variation of blood flow through the coronary network. Ultimately the intention is to couple this work to models of myocardial mechanics and cellular metabolism to further quantitatively investigate blood flow and heart disease.
Model development.

Blood flow equations.
There are a number of fundamental assumptions about coronary blood flow used when deriving the governing equations for the model presented here. The studies of Perktold, Resch, and Peter [27] and Cho and Kensey [10] indicate no significant influence of the shear thinning properties of blood in large vessels, and thus blood viscosity is assumed constant and independent of vessel radius. While the relative size of red blood cells to vessel diameter is large, blood can be modeled as a continuum. The distensibility of a coronary vessel wall is assumed to dominate any effects due to the compressibility of blood.
Thus, in this study, blood is modeled as an incompressible, homogeneous, Newtonian fluid. There are typically low Reynolds numbers throughout the coronary circulation model, with a maximum ≈ 600 in a small number of the large epicardial vessel segments (where Re= . Thus all flows are assumed to be laminar and also axisymmetric.
The following equations use a cylindrical coordinate system (r, θ, x) with the x axis aligned with the local vessel axial direction. The velocity in the circumferential direction is assumed to be zero. This removes any dependency on θ within the model.
Using the above assumptions the Navier-Stokes equations, which govern Newtonian fluid flow, reduce to [15] 
Introducing the quantity R * as the nondimensionalized inner-vessel radius and integrating (2.6) and (2.7) from r * = 0 to r * = R * , we get
Since the wall is a stream surface, (2.11) and by defining the average axial velocity to be
and the nondimensionalized energy quantity α * as
x dr * , (2.13) (2.8) and (2.9) can be written as
and
By making the transformations R = RR * , α = α * , and V = V o V * , (2.13) and (2.15) can be written in terms of dimensional quantities as
The above derivation eliminates v r , the radial component of velocity. However, it requires the assumption that v x is solely a function of the radial coordinate r. This is equivalent to specifying an axial velocity profile. Once a profile is determined, α and the viscous term 2ν R ∂v x ∂r R (2.18) can be determined in (2.17) . A further simplification of the model is that this velocity profile remains unchanged along the length of a vessel segment, which is equivalent to setting α to be constant.
The velocity profile chosen for this model is of the form
.19 defines a blunt axial velocity profile characteristic of oscillatory flow, where γ is a constant for a particular profile. The shape of the profile defined by (2.19) can potentially be varied between close to plug flow (most recently modeled by Olufsen [25] using a piecewise function) and fully developed parabolic flow.
A value of γ = 9 is chosen to give a compromise fit to experimental data obtained at different points in the cardiac cycle [15] .
The form of (2.19) 
By substituting (2.20) into (2.18), the viscous term can now be calculated as −2
Note that the case where α = 1 corresponds to a flat profile in which the no-slip boundary condition is violated. Equation (2.17) can be written as
and, substituting (2.16) into (2.21), it can be further reduced to
Equation (2.22) , along with the conservation of mass equation (2.16) , provides two equations in the following three unknowns: average velocity (V ), pressure (p), and inner vessel radius (R). A third equation which describes the relationship between pressure and cross-sectional area must be established. This is dependent on the mechanics of the vessel wall.
The wall of coronary blood vessels is assumed to be elastic within this model; the transient or viscoelastic properties of the vessel wall are ignored. The approach used has been to establish an empirical relationship between transmural pressure and the radius (or cross-sectional area) of the form
The form of (2.23) was chosen to provide a good fit to experimental pressure-radius data with only a small number (2) of parameters. This pressure-area relationship is similar to those proposed by Stergiopulos, Young, and Rogge [36] and Olufsen [25] but has the advantage in the context of the current work that it can be used to derive a steady state analytic solution. The constants G o and β, which define a particular wall behavior, are fitted from the experimental data of Carmines, McElhaney, and Stack [7] and extrapolated for each order of vessel using the vessel wall thickness data of Chadwick et al. [8] . The values of G o and β for each Strahler-ordered [38] generation of the arterial and venous vessels are included in Tables 2.1 and 2.2. Now (2.16) and (2.22) form a set of two nonlinear, first order differential equations relating velocity (V ), pressure (p), and radius (R) for pulsatile flow of blood, where pressure is a function of radius via the nonlinear constitutive equation (2.23) . The system is hyperbolic, as will be shown in section 2.2. Initial conditions for solving this set of equations are constant pressure, from which the radius is defined using (2.23), and zero velocity. Boundary conditions are defined by prescribing pressure at x = 0 and x = L, where L, is the segment length. The method for calculating velocity values at the boundaries is outlined in section 2.2.
A steady state analytic solution for the flow through an elastic vessel can be derived from (2.21), (2.23) , and the principle of conservation of mass. This provides a 
From the conservation of mass, given a constant flow rate Q, the velocity V = Q S . Thus
From the wall equation
Substituting (2.25) and (2.27) into (2.24) gives −αQ
This can now be rearranged and integrated using the separation of variables technique to get (2.29) where the constant C is calculated using the boundary condition of vessel area at the entry point S i , where x = 0. Now an equation specifying the steady state relationship between the vessel area S and the distance along a vessel x for a given flow rate Q can be expressed as 
Final or full-step values are calculated with the following equations. These have been obtained by applying the second step of the Lax-Wendroff method again to (2.16), (2.22) , and (2.23).
34)
The finite difference scheme outlined above provides equations relating the values of p 
which can be cast in the general form
For the purposes of examining the properties of the characteristic directions, we now define x as a function of t, i.e. x = x(t), and u as the vector (V, R). Then
Comparing (2.38) and (2.39) shows that if ∂x ∂t I = A, then along the path x(t), ∂u ∂t = z (u, x(t)). Therefore, the value of u(x, t) is dependent only on its initial value and on the integration of ∂u ∂t along the path x(t). Thus x(t) defines the characteristic paths along which information propagates in (x,t) space. The slope of x(t) or the characteristic directions λ = dx dt are thus calculated from A (u, x) = λI or
Thus from (2.40) there are two characteristic directions specified by
As α is always greater than one, there are two real values of λ, and thus (2.37) represents a hyperbolic system. At each end of a vessel segment there is one characteristic path sloping toward the interior grid points i = 2, N − 1 [32] . Thus these interior points are affected at the next time step by only two boundary values, one at each end of the segment. These boundary values are generally chosen to be a pressure. Using an elastic wall equation, radius is simply a function of pressure. However, a method for calculating the velocity at the two segment endpoints needs to be found.
At the beginning of the vessel segment, the difference representation for the system of equations centered at the point
where V , R , and P refer to the points V can be eliminated, which reduces the error associated with including variables from outside the domain of dependence defined by the characteristic directions.
Rearranging (2.43) such that and collecting terms produce the following expression relating the boundary value of velocity V k+1 1 to quantities from the k and k + 1 time step which have been previously calculated: 
To ensure the correct implementation of the single vessel finite difference scheme, the steady state analytic function can be plotted and compared to the results obtained from the numerical code. The sample problem is a single 50mm vessel segment which has an unstressed radius of 1mm, an initial pressure of 5.6kPa (42 mmHg), and initial velocity set to zero. From 0s to 0.1s pressure at the inflow is linearly increased to 10.6kPa (80 mmHg) and then held constant until a steady state solution is reached. The relative fluid density is set at 1.05, viscosity ν at 3.2mm 2 s, the wall elasticity constants G o and β are 21.2kPa (158 mmHg) and 2, respectively, and the flow profile parameter α is 1.1. The time step ∆t is 0.1ms, and the space step ∆x is 0.926mm. The comparison is done using the flow rate Q and the entry radius calculated numerically for a single vessel once a steady state solution has been reached. The steady state solution for this comparison was defined as the solution at time t such that root mean squared change in the velocity field at the set of difference points along the vessel is less than 0.001% for the last 1000 time steps. The numerical and analytic steady state solutions were compared for increasing values of β. This parameter is chosen because it has the largest effect on pressure distribution and therefore also on radius values. Figure 2 .1 shows an extremely good match between the analytic solution of (2.30) and the numerical results for all values of wall stiffness. The lower values of wall stiffness show an increasingly nonlinear relationship between radius and distance along the vessel because a more compliant wall has a larger change in radius for a given pressure drop. The change in radius also effects the viscous term −2ναV (α−1)R 2 , which is dependent on radius and velocity and thus is lower at the left-hand end, where radius is higher and velocity lower. The rate of pressure drop ∂p ∂x is therefore also lower, and the steady state solution thus shows an increasing pressure gradient down the vessel. Increasing β is a movement toward the limiting case, where the vessel is completely rigid (i.e., β = ∞) and where the relationship between radius and distance will be constant. 
Bifurcation model.
The equations governing fluid flow at bifurcations within a network now need to be introduced in order to model blood flow through branching structures such as the coronary network. Previously published one-dimensional bifurcation models have simulated flow through less complicated networks [31] or focused on predicting changes in pressure and flow patterns in large vessels [37] . The following scheme has been developed as a computationally efficient way to couple the boundary conditions of the individual vessel segments while ensuring conservation of mass and momentum across each bifurcation. Furthermore, this new algorithm is straightforward to parallelize and provides a way of calculating the pressure at each of the grid points which surround a bifurcation once the single vessel scheme calculations are complete.
The bifurcation model is based around approximating the junction as three short elastic tubes. The tubes are assumed to be sufficiently short such that the velocity along them is constant, and thus they are parallel-sided, and losses due to fluid viscosity are negligible. No fluid is assumed to be stored within the junction. The finite difference grid point at the end of the parent vessel entering the junction is denoted as a 1 , and the point proximal to a 1 is denoted as a 2 . The grid points at the beginning of the daughter vessels are labelled as b 1 and c 1 and the distal points as b 2 and c 2 , respectively. F a1 , F b1 , and F c1 are the flows through each junction segment, and P o is the pressure at the junction center.
Conservation of mass through the junction is thus governed by
The conservation of momentum for tube a is governed by the resultant axial force being equal to the rate of change of momentum of fluid in a segment length l a radius R a , i.e., can be constructed in terms of pressures at the ends of the vessel segments at time steps k and k + 1, namely 
where from (2.55) produces the following expression: introduces a small error because information lying outside the domain of dependence has now been included in the solution. This error is demonstrated by calculating the conservation of mass F a1 − F b1 − F c1 for a junction which from (2.47) should be zero. The introduced error means that this expression quickly grows to be larger than the total flow and thus needs to be controlled.
Starting from the pressures calculated in the explicit scheme above, the error is then reduced using a Newton-Raphson iterative scheme. The scheme seeks to simultaneously satisfy the nonlinear system formed from (2.47) and (2.49)-(2.51), i.e., 
The process is then repeated calculating a new vector s = [s 1 , s 2 , s 3 ] t with each set of updated pressure values until the process has converged to within a specified tolerance. The initial starting solution as calculated using (2.59) is sufficiently close to satisfying (2.60)-(2.62) such that the scheme converges under all flow conditions tested.
A converged solution is usually achieved in less than three iterations. This method proved to be an extremely efficient and stable way to achieve a solution that satisfied the governing conservation equation at bifurcation points within the finite difference grid.
Microcirculation model.
The microcirculation network formed by the arterioles, capillaries, and venules, defined for the purposes of this work as vessels with radii less than 100µm, is both topologically and functionally different from the network of large conduit vessels. At this spatial scale, blood increasingly can no longer be considered a homogeneous Newtonian fluid. The flow properties are strongly influenced by the individual red blood cells it contains in suspension [30] . This affects fluid viscosity (known as the Fahraeus effect), flow profiles, and distribution of flow at bifurcations [29] . Thus the equations used to model flow through the larger vessels in this study are no longer valid. The large number of microcirculation networks connecting each small artery to a small vein also makes the method of discretely modeling individual vessel segments for each microcirculation network computationally prohibitive. To overcome these problems, a lumped parameter model of microcirculation is developed based on the intramyocardial pump of Spaan, Breuls, and Laird [35] . This is used to reproduce the observed flow responses to arteriole and venule pressure of an anatomically based model combining nonlinear resistive and capacitive elements. This is a computationally efficient way of reproducing experimentally observed behavior while maintaining some of the fundamental physics of the problem. The five element lumped parameter model is shown schematically in Figure 2 proximal and distal capacitances of the microcirculation model.
(2.68)-(2.70) govern the flow through the resistive elements R a , R c , and R v , and the fluid volume stored in the capacitive elements of the microcirculation bed is described in (2.71) and (2.72). Using a central difference approximation of (2.71) and (2.72) about the k + 1 2 time step and a forward difference approximation of (2.68)-(2.70) about the k + 1 time step produces the following set of simultaneous equations:
To couple the lumped parameter model to the arterial/venous network finite difference model requires finding the pressures P a and P v which simultaneously satisfy the conservation equations in both models. This is done by calculating the simultaneous solution to (2.73)-(2.77) and the boundary condition (2.45)-(2.46).
Defining the variables Ψ 1 and Ψ 2 to be functions of pressures p a and p v and using (2.73)-(2.75) to eliminate p 1 , p 2 , and R c , we can write (2.76) and (2.77) as
where
The equations governing the variation of R a and C 1 , fitted from an anatomically based model described below, are cast solely in terms of p a . Likewise, R v and C 2 are expressed solely in terms of p v . The boundary condition (2.45) can be used to express F a as a function of p a , and, likewise, F v can be expressed solely as a function of p v using (2.46). The equations for F a and F v in terms of p a and p v are the same as those used for the bifurcation model. Thus, using (2.80), Ψ 1 and Ψ 2 are also solely functions of p a and p v . The simultaneous solution to (2.78) and (2.79) is found by iteratively applying the Newton-Raphson method. The system of equations solved at each iteration is 
(2.87)
Because of the elasticity of the vessel segments, the value of the resistive and capacitive components are dependent on blood pressure. The relation between the value of each component and pressure is determined using an anatomically based microcirculation model. Using the data of Kassab et al. [19, 20, 18] , the topology of the arterioles, capillary, and venule networks is reconstructed. The relationships proposed by Chadwick et al. [8] are used to define the values and variation in vessel distensibility, collapsibility, and recruitment with blood pressure. To account for the shear thinning properties of blood flow in small vessels, the empirical relationship developed by Pries et al. [29] is used to determine the value of blood viscosity as a function of vessel size. The flow through each of the arteriole, capillary, and venule networks is initially calculated for a given proximal and distal pressure using the explicit technique proposed by Mayer [22] assuming fully developed Poiseuille flow. From the pressure values in each vessel segment, the values of viscosity, radius, and recruitment are then updated, and the process is repeated until a converged solution is obtained. Using this method, the anatomically based model can be used to estimate R a , R c , R v , C 1 , and C 2 for any given pressure values. However, while accurate to the morphology and accounting for many of the physical phenomena, they are too computationally expensive to include in the whole organ model. For computational efficiency, empirical relationships are fitted to the more detailed model results to provide a more efficient way of evaluating the resistance and compliance values. Each of the relationships is modelled using a rational polynomial of the form where q and s are the input variables, N n are the polynomial coefficients in the numerator, and D n are the coefficients in the denominator of (2.88). The values of the constants N n and D n are calculated using the minimax fitting technique [28] which seeks to minimize the maximum deviation between the two models. The form of (2.88) provides an adequate number of degrees of freedom such that a close approximation to the physical model can be achieved. The value and derivatives of (2.88) are also computationally inexpensive to evaluate, and the Newton-Raphson method converges quickly to the solution of (2.78) and (2.79). Table 2 .3 presents the variables q and s used in (2.88) to fit each component relationship and the root mean squared (RMS) error in each fit. Tables 2.4 and 2.5 present the values of N n and D n for each fit. The q and s variables used to fit R a and R v are the inlet pressure and the flow rather than the inlet pressure and the outlet pressure. This is done to avoid having to form an implicit relationship. Using the boundary conditions (2.45) and (2.46) from the finite difference scheme, we can express F a solely as a function of p a . Thus R a = R a (p a , F a (p a ) ), and fitted with p a and p 1 , then R a (p a , p 1 ) = R a (p a , p a − R a F a ) , which defines R a implicitly and thus becomes a more expensive relationship to evaluate. Similarly, p v and F v are used for fitting R v . Once the values of R a and R v have been determined, p 1 and p 2 can be calculated from
Now the values of C 1 , C 2 , and R c can be evaluated. The derivatives 
Each of the five elements of the lumped parameter model is now cast in a form such that (2.78) and (2.79) can be solved using the numerical scheme outlined above.
Results.
A finite difference grid is generated on the finite element geometric model of the coronary vessels of Smith, Pullan, and Hunter [34] . Grid points are spaced equally in the ξ space of each element. The number of grid points contained in each element is such that ∆x is approximately equal throughout the finite difference grid.
The transient coronary blood flow equations are solved using this finite difference grid with the kinematic viscosity ν set at 3.2mm
2 .s −1 [24] . The space step ∆x is set at approximately 0.926mm such that each vessel element contains at least three grid points. The time step ∆t is set at 0.1ms such that the finite difference scheme is both converged and stable for this value of ∆x. Initially the pressure and velocity at each grid point are set to zero, and thus initial radius values are equal to the unstressed radius values R o . Pressure at the arterial inflow is linearly increased from 0kPa (0 mmHg) to 12.63kPa (95 mmHg) (pressure at the beginning of diastole) over 0.3s and then is held constant until a steady state flow solution is reached. Pressure at the venous outflow is held constant at 0kPa (0 mmHg).
The change in pressure through time for the full arterial and venous tree is shown on the six generation coronary mesh in Figures 3.1 and 3.2 .
These results show that the numerical scheme is performing stably with conservation of mass and momentum and continuity of pressure across all bifurcation points. The delay in flow transmission through the microcirculation network is because of the capacitance in the lumped parameter model.
The high vessel compliance at zero transmural pressure means that the vessel wave speed is relatively slow. Thus large pressure gradients are set up as the pressure at arterial inflow is quickly increased. These pressure gradients create large arterial velocities shifting fluid from the larger vessels into the smaller vessels. Once the pressure wave has reached the high resistance microcirculation network, the coronary slosh phenomenon is demonstrated [13] , where the velocities in the larger vessels are reduced by the high pressures in the smaller vessels created by the increased myocardial fluid volume. As pressure at the arterial inflow continues to increase until 0.3s, the reverse pressure gradient is overcome, and flow at the arterial inflow increases again. When inflow pressure stops increasing, the same slosh phenomenon can be seen again although with smaller changes in velocity.
The steady state solution is reached after 1.2s when the venous outflow equals 99% of the arterial inflow. Flows through the myocardium have been reported to be spatially heterogeneous [4, 5] . Relative dispersion (RD) is used to measure flow heterogeneity for spatial resolution or tissue sample volume and is defined as the standard deviation of flow σ f divided by the mean myocardial flow µ f into each sample measured as flow per ml tissue, i.e., [4],
where RD o is the RD measured at reference volume v o and D is the fractal dimension.
The RD is calculated by first refining the heart host mesh along lines of constant ξ into equal volume blocks. Regional flow into each block is then determined by adding the flows from terminal arterial segments contained within the block. Figure 3 .4 shows the flow probability density functions for average tissue sample volumes of 3315.6mm 3 The regional variation in flow is determined using only six of the eleven generations of the coronary arterial network. The RD calculated is significantly higher than the experimentally observed value; Bassingthwaighte, Liebovitch, and West [5] report an RD of 0.135 for 1.0g tissue samples compared with the calculated RD of 1.41 for a similar (0.8289mm
3 ) volume size. The discrepancy exists because the number of terminal arterioles feeding into a given volume is greatly reduced from that of a full coronary network. Thus, at a given tissue sample size, the calculated RD is much more susceptible to variation between blocks of tissue. This indicates that to model the whole organ transport properties of the coronary network, regional distribution below the level currently included in the six generation model may need to be accounted for.
The relationship between RD and tissue sample size can still be calculated and fitted to (3.2) to test the fractal behavior of the model. The log log plot of RD verses tissue sample size in Figure 3 .5 shows a near linear relationship indicating that a fractal model with a fractal dimension D = 1.124 may be appropriate.
Literature exists detailing experiments in which tracer wash-out from the heart has been measured [3, 33] . These provide a useful comparison between experimental data and results from a flow simulation using the full coronary mesh which have been run until a steady state is achieved.
When a unit impulse of a flow-limited tracer is applied at the inflow to the coronary network, the normalized dilution time curve measured at the venous outflow is equivalent to the probability density function of transit times h(t) [6] . Bassingthwaighte and Beard [3] have contended that the tail of such a wash-out curve can be fitted as a power law in the form of
For our model, h(t) was calculated from the steady state flow results. Each flow path was determined by tracing back proximally from a terminal arterial segment up to the inflow/outflow segment in the tree. The transit times t transi for each grid point i are determined by calculating the sum of the Euclidean distance from the current grid point to the proximal and to the distal grid points and then dividing this value by twice the velocity value (V i ) at the grid point, i.e., velocities for all grid points along a given flow path to find that path's total transit time t p . h(t) is plotted by summing all flow along paths which have transit times within a specific time interval (t − δt 2 , t + 
where F tot is the total inflow (which is equal to the outflow in steady state) and R i and V i are the radius and velocity through the terminal grid point i. Figure 3 .7 plots the normalized dilution time curve h(t), which can also be thought of as the derivative of the curve in Figure 3 .6 with respect to time. As transit time through the microcirculation bed is not considered, the delay in the response in outflow concentration is much smaller than in reported experiments. The fundamental form should not, however, be different.
The tracer is assumed to be flow limited, and thus no diffusion or dispersion of the concentration is modeled. The lack of diffusion, combined with the aliasing effects of measuring discrete transit times using a small time interval, probably accounts for the scatter shown in Figure 3 .7. However, Beard and Bassingthwaighte [6] have shown that the power law form of the tail of h(t) is unaffected by the diffusion of concentration.
The tail of h(t) is plotted on a log log scale in Figure 3 .5, and the data is fitted with a linear function using the Marquardt-Levenberg least squares regression algorithm. The linear fit has an χ 2 value of 8.76, which is within the 99% confidence interval for the sample size. From (3.3) A was fitted with 0.753 within a 68.3% confidence interval of 0.0928. More significantly, α D was fitted with −2.98 within a 68.3% confidence interval of 0.123, which compares well with the value of −3.0 reported by Beard and Bassingthwaighte [6] and Bassingthwaighte and Beard [3] . This shows that the model simulates the observed tracer wash-out process and indicates that it may indeed be approximately fractal.
Summary and model limitations.
The major contribution of this study is the development and application of a blood flow model that accounts for much of the fundamental physiology of vascular blood flow while retaining the efficiency required for implementation on large vascular networks. A lumped parameter model of the microcirculation is coupled with the terminal segments of the discrete model to simulate flow in vessels with radius less than 100µm. Below 100µm, many of the fundamental physical properties of the models are altered, and a discrete model of the network becomes computationally prohibitive. Using a geometric representation of the coronary network, blood flow simulations have been performed and compared with experimental data to verify the coronary model. The major results from these simulations show (1) realistic pressure distributions through arterial and venous vessel segments, (2) a fractal relationship between spatial heterogeneity of blood flow and tissue sample size, and (3) a power law behavior for the tails of simulated wash-out curves.
The major assumptions included in the blood flow model concern the pressure radius relationship, the radial velocity profile, and pressure loss at vessel bifurcations. The effect of vascular smooth muscle is not included in the pressure radius relationship, and thus vessels are assumed to be in a maximally dilated state. This may approximate ischaemic conditions, where coronary flow reserve is substantially reduced. However, since regional flows show marked differences between dilated and auto regulated states [1] , it will be important to include vasoregulatory mechanisms to further investigate many clinically relevant phenomena using this model. A second assumption inherent in (2.23) is that the vessel wall behavior is purely elastic. While the study of Giezeman et al. [12] indicates that an elastic model is suitable, the viscoelastic properties of the vessel wall may also have an effect [14] .
Recently, Kajiya et al. [17] have reported blunt velocity profiles in epicardial vessels typical of the form defined by (2.20) . However, in some instances, these profiles were not axisymmetric, and their form changed throughout the cycle developing a temporary "M" shape during early and/or mid-diastole. The significance of a phasic change in the form of the velocity profile is as yet undetermined. However, such an "M"-shaped profile could be accounted for by acceleration of the vessel wall relative to blood flow due to deformation of the heart wall. Moore et al. [23] have produced a preliminary model which indicates that blood vessel movement may have a significant effect on coronary blood flow. The effect of vessel movement would be incorporated into the current model by determining the flow profile constant α as a function of vessel movement relative to blood flow velocity.
While losses due to viscous and flow separation effects at bifurcations have been ignored on the basis of low Reynolds numbers in coronary blood flow, such losses may become more significant when investigating pathologies such as vessel stenosis. The work of Stettler, Niederer, and Anliker [37] provides potential directions to incorporate these effects in the current model.
The determination of the effect of vessel movement and heart contraction point clearly to the next step in the development of the coronary blood flow model presented in this study. This is the inclusion of pressure exerted by the contraction of the heart on the coronary vessels in the blood flow model. Coupling heart contraction to coronary blood flow will allow the magnitude and regional and temporal variation of systolic flow impediment to be investigated.
